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Let 0 < y, < yZ ( ... be the imaginary part of the zeros, i = lim,(y, - 
y,- ,)(log y,/27r) and ,U = I&I&, - y.- ,)(log yJ2n). Assuming the Riemann 
hypothesis, it is known that .u 6 0.68 and I > 1. One suspects that p = 0 and 
,I = +oo. The object of this note is to show that ,I > 1.9. 
Let N(T) be the number of zeros p = p + iy of the Riemann zeta function 
C(s) with 0 < /3 < 1 and 0 < y < T. The Riemann-von Mangoldt zero 
counting formula states that 
N(T)- TL (T- CqL =(2n)-' log T). 
It follows from this formula that the average “vertical” spacing between 
consecutive zeros with y < T is asymptotic to L -l. One of the fundamental 
questions concerning the vertical distribution of the zeros is the distance 
between consecutive zeros. Denote by 0 Q y, < y2 < ... the imaginary part of 
the zeros, 
Y” 1% 
~=li~sv(y,-Y,_A 27c 
and 
One suspects that A = +a~ and p = 0. Montgomery [4] has shown that on 
the Riemann hypothesis, p < 0.68. As he remarks, it follows also by his 
method that 1 > 1. The object of this note is to show that II > 1.9. 
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THEOREM. Assume the Riemann hypothesis. We have A > 1.9. In fact, 
the number y < T for which yn+ , - y, > 1.9L -’ is 
%TL-l+E. (1) 
The fact that yn+ I - y, is infinitely often larger than 1.9L -’ follows 
immediately from the following result of Hardy and Littlewood [3], 
I ,r I[(; + it)l’ dt N Tlog T (T-, co), 
and a recent result of Gonek [2]: assuming the Riemann hypothesis, 
)I 
2 
=$log’T I- ( (c)‘) + O(Tlog T) 
(2) 
(3) 
as T -+ co, uniformly for 1 c ] < +L. 
For each positive a we may integrate (3) with respect to c over the 
interval [-$a, $1. This gives 
-T f+‘1’2)1” )[ (;+it)12dr-TlogT.A(a) (T*oo), (4) 
o<y<r Y-(1/2)1/L 
where 
A(a)= j;:,, (I - ($)') dc. 
Since A(a) has the power series expansion 
A(a)+- k$, (-ljk+’ 
(77a)2k+ ’ 
(2k + 2)! (2k + 1) ’ 
its value can be easily determined. We have 
a 1.8 1.9 2.0 
A@) 0.8979 0.9973 1.0972 
It is clear that for a = 1.9, the right hand side of (4) is <Tlog T. Comparing 
this with (2), we get the result. 
For the proof of (l), we will use the following lemma. 
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LEMMA. Let E > 0 and A > 0 befixed, and let K(T) denote the number of 
zeros { + iy,, 0 < y,, < T, for which yn+, > y, + L-l+‘. Then 
K(T) Q TL-A. (5) 
Proof: Leth=;L-‘+‘andsupposey,+,>y,+L-“’.ThenN(t+h)= 
N(t) for y, < t < yn + h, and hence 
I 
T (N(t + h) -N(t) - hL)” dt > K(T) . 2h . (hL)2k. 
0 
Using Fujii’s result [ 1 ] 
i 
T (N(t t h) - N(t) - hL)Zk dt <k T(log hL)k 
0 
for 2/L < h < 1 we get (5) if k > 1/(2c)(A t 1). To show (l), we let 
d(y,) = max((y, - Y~-A, h+ 1 - Y,)>. 
For a given a > 0 put 
X(T)={T<y<2T:d(y)>a/L} 
and 
I= u 
Y,EX(T) 
For y, E X(T) the interval surrounding y, is of length 
f(~n+l - rn-J G d(y,). 
Thus 
measI< c d(y). 
YeX(T) 
We now divide X(T) into two subsets, according as aL -I < d(y) Q L --If’ or 
d(y) > L-l+‘. Call these two subsets X,(7’) and X,(T), respectively. Then by 
the lemma with A = 3 we have 
1 d(y)< =V MTL-‘. 
YeXz(T) YE~T) 
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Here we have used the trivial bound yn+, - yn < 1. Hence 
\’ 
GT, 
d(y) + meas Z + O(TL -“). 
But 
and hence 
\’ 
YZT) 
d(y) <L-It’ . card X,(T), 
cardX(T) > cardX,(T) 3 L’-’ . meas Z + O(TL-‘-‘). (6) 
To get a lower bound for meas I, we use the fact that 
and 
I 
T  
lc14dt< Tlog4T for suffkiently large T. 1 
If d(y,) < a/L, then the interval [$(y,- , + y,), i(yn + Y, + ,)I is contained in 
the interval [r, - ia/L, y,, + $x/L]. Hence 
I 
yt (IIZ)alL 
- K 
T<7<2T Y-~LI2~ull~ 
\[I2 dt . (1 -A(a))Tlog T. 
For a = 1.9, we have 1 - A (a) > 0 and 
.I ,lil’dt+TlogT. 
Hence 
measZ+ TL-‘. 
This together with (6) gives (1). 
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lim sup (7, +, - Y,) 
log Y” 
” 
F>l& 
fi 
lim inf (Y,+, - Y,) 
log Y” 
” 
=<l-A 
fi 
It thus follows that i, > 1 and p < I. This result appeared with the factor l/\/; missing in 15 1. 
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